We investigate topological phase transitions in Chern insulators within three-band models, focusing on the empty band and lowest band populated by spinless fermions. We consider Lieb and kagome lattices and notice phase transitions driven by the hopping integral between nearestneighbors, which leads to the change of the lowest band Chern number from C = 1 to C = −1. In the single-particle picture, different phases are examined by investigating corresponding entanglement spectra and the evolution of the entanglement entropy. Entanglement spectra reveal the spectral flow characteristic of topologically nontrivial systems before and after phase transitions. For the lowest band with 1/3 filling, Fractional Chern insulator (FCI) phases are identified by examining the ground state momenta, the spectral flow, and counting of the entanglement energy levels below the gap in the entanglement spectrum. A quasilinear dependence of the entanglement entropy α(nA) term is observed for FCI phase, similarly to linear behavior expected for Laughlin phase in the fractional quantum Hall effect. At the topological phase transition, for both empty and partially filled lowest bands, the energy gap closure and a discontinuity in the entanglement entropy are observed. This coincides with the divergence of a standard deviation of the Berry curvature. We notice also a phase transition driven by the nearest-neighbor interaction in the Lieb lattice, where the many-body energy gap closes. The phase transitions are shown to be stable for an arbitrary system size, thus predicted to be present in the thermodynamic limit. While our calculations are performed for an interaction energy far exceeding the gap between the two lowest energy bands, we note that the higher band does not affect the phase transitions, however destabilizes FCI phases.
I. INTRODUCTION
Two-dimensional lattice models with topologically nontrivial bands characterized by a topological invariant, Chern number, have recently attracted significant attention [1] [2] [3] [4] [5] . Since Haldane proposal of a Chern insulator on a honeycomb lattice [6] , a number of multiband models with parameters controling the band topology has been proposed, including kagome [3, 7, 8] , Lieb [9] , pyrochlore [10] , dice [11] and other lattices [12, 13] . Band topology is determined by the competition between trivial and nontrivial gap opening terms [6] . For two-band models, a topological phase transition corresponds to a transition between a system with two bands with opposite Chern numbers and two bands with zero Chern numbers, as a sum of Chern numbers of all the bands must be zero. Multiband models allow for more possibilities of transitions between bands with a variety of Chern numbers.
Flattening of Chern insulator bands enhances the role of particle interactions. An apperance of strongly correlated gapped phases is expected in the case of fractional filled topological bands, in analogy to the Fractional Quantum Hall effect (FQHE) on Landau levels [14] [15] [16] . Calculations for spinless fermions within the exactdiagonalization method [2, 8, [17] [18] [19] [20] [21] [22] [23] [24] and density matrix renormalization group (DMRG) [25] [26] [27] approaches have proved the existence of Laughlin-like phases for 1/3 filling factor and later on for an entire family of other * pawel.potasz@pwr.edu.pl fractions [28, 29] . These phases, commonly called Fractional Chern insulators, can be identified by looking at the quasi-degeneracy of the ground state [30, 31] , the presence of the spectral flow [32, 33] , many-body Chern number [32] , the momentum counting of the ground state and quasihole spectrum [34] [35] [36] [37] [38] .
Entanglement measures have been shown as a promising direction for identification of topological phases [34, 35, [39] [40] [41] . Entanglement between two parts of the system allows to extract the edge properties of the system and excitations directly from the bulk ground state. In the single-particle case, the signature of a nontrivial phase is the spectral flow in the orbital entanglement spectrum (ES) [42] [43] [44] [45] [46] [47] . For correlated phases, particle entanglement spectrum reveals the exclusion statistics inherent in excitations of such states [8, 41, 48, 49] . The number of the entanglement energy levels below the entanglement gap satisfies the counting principle for a given Laughlin-like state.
Our goal in this work is to analyze phase transitions between topologically nontrivial phases in the three-band models within single-particle picture and for a partially filled band using entanglement measures. We focus on the phase transitions in Chern insulators on the Lieb and kagome lattices. We study a non-interacting case corresponding to empty bands and many-body effects for fractionally occupied bands with 1/3 filling factor. We investigate bands evolution with a nearest-neighbor hopping parameter and notice transitions of the lowest band between two topologically nontrivial phases, with Chern numbers C = 1 and C = −1. We study the entanglement spectra within both phases and the evolution of the entanglement entropy. For a partially filled band, we dis-tinguish regions with FCI and other unidentified phases. Topological phase transitions are investigated by studying the low energy many-body spectra. Universality of the results is confirmed by considering different systems sizes and an effect of interaction with a higher band.
II. THREE-BAND MODELS OF CHERN INSULATORS
We consider two Chern insulator models with three atoms in a unit cell, which give rise to three energy bands after diagonalization the Hamiltonian. The first model is the Lieb lattice, a two-dimensional lattice with an additional site between each pair of the nearest-neighbors of a simple square lattice, as shown in Fig. 1(a) [9, [50] [51] [52] [53] . In the tight-binding model, we include the nearest-neighbor hopping term t, the next-nearest neighbor hopping term λ with an accumulated extra complex phase φ ij = ±φ between sites i and j when hopping around a lattice site clockwise (+) and counterclockwise (−). Hamiltonian is written as
where c † i (c i ) is creation (annihilation) operator acting on the site i. We set φ = π/4 and λ = 1 [2] .
The second model is the kagome lattice shown in Fig.  1(b) , with complex hopping integrals between the nearest and next-nearest neighbors. Hamiltonian of the system reads
with parameters λ 1 = 0.6, t 2 = 0.3 and λ 2 = 0.1 chosen in a way that flattens the lowest band, and w ij = ±1 when going clockwise (+) and counterclockwise (−) between sites i and j. We investigate topological properties of energy bands when a hopping integral t between the nearest neighbors is turned on. The Lieb lattice at t = 0 can be considered as a lattice consisting of a checkerboard lattice with complex hoppings (sites connected by the brown lines with arrows) completely decoupled from the lattice formed from individual sites in the center of the brown rhombs, see Fig. 1(a) . We obtain two dispersive energy bands localized on a checkerboard lattice and a completely flat band at E = 0 in the middle of them, which corresponds to isolated sites. All three bands touch each other at E = 0. Turning on the hopping integral t opens up the energy gaps between three bands. The evolution of band widths is schematically shown in Fig. 1(c) . Calculating the Berry curvature for each energy band and integrating it over the entire Brillouin zone allows us to determine their Chern numbers. For small values of t, the lowest and the highest bands have Chern number C = 1, while the middle one has C = −2. Here, we notice that infinitesimally small coupling of isolated sites to checkerboard lattice leads to topological phase transition. Isolated sites in the center of the brown rhombs corresponds to the atomic limit -a trivial insulator with C = 0. Infinitesimally small coupling to a checkerboard lattice changes its topology to C = −2. An increase of the value of t leads to a stronger coupling of the isolated sites and a checkerboard lattice. At t ∼ 1.4, we observe topological phase transition between the two lowest bands, manifested by the change of Chern numbers from C = 1 to C = −1 (for the lowest band) and from C = −2 to C = 0 (for the middle one). Similar phase transition is seen in the case of a kagome lattice, depicted in Fig. 1 
(d).
For small values of t, the lowest and the highest bands have C = −1, and the middle one C = 2. For t ∼ 0.55, a phase transition occurs between two lower bands. The lowest band changes its Chern number to C = 1 and the middle one to C = 0.
Besides determining the Chern number of bands, we also verify nontrivial topological properties of the lowest band by investigating the entanglement spectra. We consider a system in the many-body ground state |Ψ GS , which is given by a Slater determinant of all the singleparticle states from the lowest band. The density matrix of the composite system in this state is ρ = |Ψ GS Ψ GS |. We divide the system into two equal spatial parts, A and B in a torus geometry [46] . The reduced density matrix of the subregion A is defined as ρ A = Tr B ρ. In the non-interacting case, the entanglement spectrum of a subsystem can be obtained from the correlation matrix [42] 
where denotes the expectation value in the many-body ground state |Ψ GS and indices i, j are restricted to be within the subsystem A. In Fig. 2 , entanglement spectra for both lattices (a) before and (b) after phase transitions are shown. In both figures, the spectral flow can be seen, which is a characteristic feature of nontrivial topology of the band.
III. PHASE TRANSITIONS IN NON-INTERACTING CHERN INSULATORS
We investigate topological phase transitions using the entanglement entropy. Entanglement entropy is calculated from the correlation matrix using a relation
where ζ i are the eigenvalues of the correlation matrix C ij . From Eq. (4), one can clearly see that eigenvalues ζ i = 0 or ζ i = 1 have no contribution to the single-particle entanglement entropy. A general feature of a single-particle entanglement entropy for a system in a topologically nontrivial phase is that it cannot be transformed to a system with zero entanglement without closing the energy gap. This situation holds if the entanglement spectrum is gapless, observed in Fig. 2 (a) and (b). In order to identify topological phase transition points, the single-particle entanglement entropies as a function of t are analyzed in Fig. 2(c) . For the Lieb lattice, the entanglement entropy (marked with black squares) monotonically increases with an increase of t from t = 0 to some finite value. At t ∼ 1.4, a drop of the entanglement entropy is seen, which coincides with a topological phase transition, indicated by the red vertical line in Fig. 1(c) . Similarly, a drop of the entanglement entropy is observed at the phase transition on kagome lattice (denoted by red triangles) at t ∼ 0.55. Thus, the entanglement entropy properly identified the point of a topological phase transition. At these points, the divergence of a standard deviation of Berry curvature of the lowest band is also seen in Fig. 2(d [8, 9, 54] .
IV. PHASE TRANSITION AT 1/3 FILLING Many-body effects are studied by adding densitydensity interaction term in the form
where n i is a density operator on the site i, V nn denotes an interaction between the nearest neighbors and V nnn between the next-nearest neighbors, see Fig. 1 . Correlation effects are examined within the lowest band filled by spinless fermions for ν = 1/3 filling factor, as it can lead to appearance of Laughlin-like FCI phase. Firstly, we perform calculations within the flat-band approximation, neglecting the kinetic energies and the presence of higher bands. A validity of this approximation will be discussed in details at the end of this Section. All calculations are performed for finite size N x × N y samples in a torus geometry, where N x (N y ) is a number of unit cells in x (y) direction. Due to the translational symmetry and the momentum conservation of the two-particle Coulomb scattering term, many-body eigenstates can be labeled by a total momentum quantum numbers K x and K y , which are the sum of the momentum quantum numbers of each of the N particles modulo N x and N y . As a representative sample, we take N x × N y = 4 × 6 system with N = 8 particles. 
A. The many-body energy spectrum
The many-body energy spectrum as a function of hopping integral t for the nearest-neighbors interaction V nn = 15 and next-nearest neighbor interaction V nnn = 10 is analyzed in Fig. 3 (a) and (b) for the Lieb and kagome lattices, respectively. Interacting parameters exceed bands dispersions, hence the influence of other band has to be taken into account, which will be discussed later. However, as long as the calculations are performed within the flat band limit, only the relative magnitudes of parameters V nn , V nnn are important. As we focus on the 1/3 filling and possible existence of FCI phase, we indicate the three lowest energy states by a red color. They are separated by a well-defined many-body energy gap from the excited states for t > 1.4 for the Lieb lattice, and in the range of 0 < t < 0.5 and t > 0.7 for kagome lattice. In these cases, we confirm that the system is in FCI Laughlin-like phase by looking at its characteristic features: appropriate ground state momenta (N x , N y ) = (0, 0), (0, 2), (0, 4), spectral flow, and entanglement spectrum (not shown here). We also notice FCI phase for the Lieb lattice in the range of 0.5 < t < 0.7. At t ∼ 0.7, one of the three lowest energy states intersects with an excited state, indicated by a green dotted line, and for larger t FCI phase is not stable anymore. At t ∼ 1.4 for the Lieb lattice (indicated by a red vertical line), the many-body energy gap closes, which coincides with the single-particle energy gap closure and the topological phase transition within a non-interacting model. At t ∼ 0.5, also many-body energy gap closing is observed (marked by a black dash line), which suggests other phase transition. We look at results for different system sizes, N x × N y = 3 × 5, N x × N y = 3 × 6, N x × N y = 5 × 6 and also several interaction strengths. We observe a gap closing at t ∼ 0.5 (for V nn > 6) and always at t ∼ 1.4. On the other hand, we notice sensitivity of the FCI phase to the plaquette sizes in the region 0.5 < t < 1.4. Thus, observation of FCI phase is affected by finite size effects, but the phase transitions at t ∼ 0.5 and t ∼ 1.4 are always present.
We perform similar analysis for the kagome lattice, with evolution of energy spectrum shown in Fig. 3(b) . Here, the many-body energy gap closes around t ∼ 0.5, indicated by a red vertical line, and reopens again around t ∼ 0.7. This phase transition spreads over a region with several t values and can be related to smoother behavior of the Berry curvature at bands intersection at t = 0.55, in contrast to the sharp peak at t = 1.4 for the Lieb lattice, see Fig. 2(d) .
We note that for both lattices we have also looked at different filling factor with N = 5, 6, 7, 9, 10 particles on N x × N y = 4 × 6 system, however we have not observed closing of the energy gap at t = 1.4 for the Lieb lattice and at t = 0.55 for the kagome lattice. Thus, topological phase transitions observed for an interacting system correspond to the disappearance of FCI phases, which can be related to the divergence of the Berry curvature at these phase transition points.
B. The particle entanglement entropy
FCI and other unidentified phases with phase transitions indicated by vertical lines in Fig. 3(a) and (b) are analyzed in Fig. 3(c) and (d) using the particle entanglement entropy S. This type of measure of entanglement is especially sensitive to the quantum statistics [8, 39, 40] . The system is divided into n A = 3 particles of the state with traced out the degrees of freedom carried by the remaining n B = 5 particles. We form the density matrix from the three lowest states, as a sum with equal weights, ρ = i 1/3|Ψ i Ψ i |, with i = 1, 2, 3. In the case of FCI these are the three quasidegenerate states forming the ground state manifold. The diagonalized reduced density matrix of n A = 3 particles, ρ A = T r B ρ gives eigenvalues ζ = e −ξ which defines the particle entanglement energies ξ. The entanglement entropy is obtained directly from the entanglement spectrum
where the sum runs over all the entanglement energies.
FIG. 4. Scaling of the particle entanglement entropy α(nA)
term with a number of particles in a subsystem A at t = 0.6, t = 1.0, and t = 1.6 for Nx × Ny = 5 × 6 system. Energy spectrum as a function of t is shown in the inset, with three values of the hopping integral t indicated by black arrows, taken for results from the main panel.
The upper bound of the entanglement entropy is given by the logarithm of the maximum number of equal nonzero eigenvalues, S max = ln N orb na , with N orb = N x ·N y being the number of single-particle orbitals within the band. In our case S max = ln 24 3 ≈ 7.61, which should be further reduced due to generalized Pauli principle [8, 39, 40] . Thus, the correlations in the system reduce entanglement entropy from its maximal value. The lower bound is related to the antisymmetrization of many-body wave function. For a state described by a single Slater determinant (and also for equal weight superposition of three-fold degenerate ground state) is given by S min = ln N nA , in our case ln 8 3 ≈ 4.02. The excess of particle entanglement over S min can show the number of Slater determinant terms of similar amplitudes that need to be combined to produce the ground state.
The entanglement entropy has the highest value within regions with FCI phases, a bit larger in the case of kagome lattice, around S A ∼ 7.0, compare Fig. 3(c) and (d) . Obtained values are smaller than the values of the entanglement entropy expected for 1/3 Laughlin states in the fractional quantum Hall effect, given by a relation S 1/3 = ln N nA + α(n A ) ≈ 7.31, with α(n A ) = n A ln 3 [40] . Transitions to other unidentified phases, labeled as "No FCI", coincide with a drop of the entanglement entropy. This occurs at t ∼ 0.5 and t ∼ 1.4 denoted by black and red solid lines, where the many-body energy gap closes, and at t ∼ 0.7 for the Lieb lattice, indicated by a green dotted line, where one of the ground states intersect with an excited state. Similarly, at topological phase transition point around t ∼ 0.55 for kagome lattice a rapid drop of the entanglement entropy is observed. In Fig. 4 we plot α(n A ) term as a function of a number of particles in a subsystem A for N x ×N y = 5×6. A linear scaling is expected for Laughlin-like phases in a limit of the large number of particles [39, 40] . For FCI phase, a quasilinear dependence is observed at t = 0.6 and t = 1.6, and slight sublinear dependence at t = 1.0. In the last case, spread of the three-fold degenerate ground states in the energy spectrum is the largest (see the inset in Fig.  4 ), which suggests a less stable phase. Linear regression for t = 0.6 and t = 1.6 yields slope 1.02, which is close to ln 3 ≈ 1.1. We note that for smaller system N x × N y = 4 × 6 a sublinear dependence is observed for FCI phase (not shown here), which may be a result of a too small number of particles, as the linear scaling is expected in a limit of large number of particles.
C. The higher band effect
In general, the flat band limit approximation we have used is justified when the energy gap E gap , the interaction energy scale V , and the band dispersion E d fulfill the condition E g ≫ V ≫ E d . In considered models, the energy bands are dispersive and the energy gap between the two lowest bands is not well-defined in a case of the Lieb lattice, Fig. 1(c) and (d) . The flat band limit condition is not satisfied, however, as was shown before by Neupert et al. in Ref. [55, 56] , FCI phases can be stable for an interaction far exceeding the band gap. We analyze this problem for the models used in this work.
In Fig. 5 the many-body energy spectra as a function of parameter t calculated with two lowest bands included are presented. There are 48 states in total with N = 8 particles, which corresponds to filling factor of the lowest band ν = 1/3. These results can be compared with Fig.  3(a) and (b) , where only the lowest band is taken into account. One can notice that for both lattices the energy scales are five times smaller. The three-fold ground state manifolds are depicted by red bars, but for most of t values they are not clearly separated from the excited states. Energy gap opening is seen after t ∼ 0.4 indicated by a black dashed line and the gap closings at t ∼ 1.3 for the Lieb lattice, and after t ∼ 0.4 for kagome lattice (red solid vertical lines). Thus, phase transitions observed for results within a flat band limit are still present, but slightly shifted energetically to smaller values. We have verified that for 0.7 < t < 1.2 and t = 1.4 for Lieb lattice, and in the range 0.9 < t < 1.3 for kagome lattice, the ground state momenta agree with momenta of FCI phase. Thus, FCI phase is stable for some values of parameters but outside this region its stability is sensitive to interaction with the higher band and also to a specific choice of model parameters (different interaction parameters may restore FCI phase). However, the phase transitions can be expected to have an universal character.
V. CONCLUSIONS
We have studied topological phase transitions on the Lieb and kagome lattices driven by a single-particle hopping integral by analyzing the low energy spectra, the entanglement spectra and the entanglement entropy. We considered a non-interacting case of the empty band and with the many-body effects of partially filled lowest energy bands. Nontrivial topology of bands was determined by directly calculating Chern numbers, and also by observation of the spectral flow in the entanglement spectra. At the single-particle level, we have found the topological phase transition between the two lowest bands for hopping integral t ∼ 1.4 with Chern number change from C = 1 to C = −1 for the Lieb lattice and at t ∼ 0.55 with Chern number change from C = −1 to C = 1 for kagome lattice. During topological phase transition, a rapid decrease of the single-particle entanglement entropy and divergence of the Berry curvature are seen. At filling factor 1/3 for the lowest band, FCI phase was recognized and distinguished from other unidentified phases. The many-body energy gap closing points were observed to coincide with topological phase transition points associated with a change in the Chern number. We have related it to the disappearance of FCI phases due to divergence of the Berry curvature, as for different filling factors no gap closure was noticed. We have also found that the particle entanglement entropy of FCI phase have always the largest value in comparison to other unidentified phases. A quasilinear behavior of the entanglement entropy α(n A ) term is observed for FCI phase, similarly to linear dependence expected for Laughlin-like phase in FQHE. The presence of FCI phases in a certain parameter range is sensitive to the finite size effects and interaction with higher bands, however topological phase transitions are shown to occur for arbitrary system sizes, thus are expected to be observed in the thermodynamic limit.
